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GCSE Maths - Algebra

Completing the Square (Higher Only)
Worksheet

WORKED SOLUTIONS

This worksheet will show you how to work out different types of completing
the square questions. Each section contains a worked example, a question
with hints and then questions for you to work through on your own.

This work by PMT Education is licensed under CC BY-NC-ND 4.0
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Section A

Worked Example
Complete the square for the quadratic expression 3x% + 6x — 10

Step 1: If necessary, factorise the equation by the coefficient of x2.
This step can be skipped if the coefficient is 1.

For this equation we factorise out the 3:

10
3x2+6x—10=3<x2+2x—?)

Step 2: Complete the square of the part of the expression which is in the form x? + bx + c.
Start by identifying the coefficients b and c.

10
x2+bx+c=x2+2x—?

=2 10
=2, c = 3

Step 3: Divide the b coefficient by 2. This new value will be the value added to the x in the square

2
part of the completed expression, i.e. (x + S) .
2 _ 1
5=

Step 4: Substitute in the values to the completed square form.

General formula: X +bx+c—(x+5) _(i) +c
10 10
x2+2x—?=(x+1)2—12—?

3(x2+2x—13—0):3[(x+1)2—12—13—0

Step 5: Simplify the expression.

3+ 02— 12 -2 =3[+ 12 - | =3(x + D? - 13

Hence, 3x* + 6x —10 = 3(x + 1) — 13.

v,
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Guided Example

Complete the square for the quadratic expression x> + 12x + 9

Step 1: If necessary, factorise the equation by the coefficient of x2.
This step can be skipped if the coefficient is 1.

2
xty12x+9
-~ _s, coefFFicient=1

Step 2: Complete the square of the part of the expression which is in the form x? + bx + c.
Start by identifying the coefficients b and c.

xtr12x+9 = x*+bx+C
'):lz. c:=9

Step 3: Divide the b coefficient by 2. This new value will be the value added to the x in the square
2
part of the completed expression, i.e. (x + S) .

Cx+2)t = (a6’

Step 4: Substitute in the values to the completed square form.

General formula: x2+bx+c= (x + g)z - (3)2 +c

X 12X+ = (x46d - 6)t,.9

= (x+6d" -3¢+
= Cxvedt - 27

Step 5: Simplify the expression.

2 +12x+9 = Cx+gdt-27

V.
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Now it’s your turn!
If you get stuck, look back at the worked and guided examples.

1. Complete the square for the following quadratic expressions:

a) x2+6x+6 Gieneral Formvla

b=¢ <¢=6 xt+bx+c =

X +Ex+6 = Cx+30' -3t +6 . b
Ci*'_:_) -(?) +C

= (x+3)" -+
= Cx+3)* -3

b) 2x2+ 12x + 18
foctoris® ovt 2

2 [ xr+€x+d)

x+ex+q : b=6 c=9

246X+ = (x+3>-3% +9
= Cx+3dt-a+9
=Cx+3D?

2Cxt46x +3D= 2 Cx+3D?

/
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c) 3x%+24x—5
Foctorise ovt 3%

3[1‘4»8::-_!?;_]

X2 +8x-5 : b=® C:=-
3

win

x‘«-a:c-_i_' C+ Ydt- yt -5
3

Cx+4d) -16-5
3

= (x+4)*-53
3

3(x? +8x —%')= 3 ex+udt-53 ]
3

= 3¢x+udt -53

d) —2x2+14x—7
Foactorise ovk -2:
-2 [x*-1x+1 ]

2
x?-1x -l—_'_'i Cb==1 ¢

= (x-2)t -4 +7
2 5 2
= (x-2>" - 35
2 Y
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Section B

Worked Example

Calculate the turning point and line of symmetry of 3x%> + 6x — 10 = 0

Step 1: Complete the square for this quadratic equation.

3(x+1)2—-13

Step 2: For a quadratic equation in the form a(x + p)? + ¢, the turning point occurs at (—p, q).
Identify values for p and q and hence identify the turning point.

Here,
alx+p)?+q=3(x+1)?-13

The turning point is (—p, q)
Therefore, the turning point of this equation is: (—1,—13)

Step 3: The line of symmetry occurs at x = —p. Identify the line of symmetry for this quadratic.

The line of symmetry for this equation is at x = —1.

Guided Example

Calculate the turning point and line of symmetry of x> + 12x +9 =0

Step 1: Complete the square for this quadratic equation.

kX
praaxd = (X6 -CeX
- Cx+Cd* -21

Step 2: Identify values for p and g and hence identify the turning point.
P=¢ Q=-27 For a quadratic equoton

OF the Joem Q(A+PI* +9
C P,Q-) - C'G,-Z") rw“.‘g po.t“t:C'P,q,)

Step 3: The line of symmetry occurs at x = —p. Identify the line of symmetry for this quadratic.

x=-6
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Now it’s your turn!
If you get stuck, look back at the worked and guided examples.

2. Find the turning point and line of symmetry of each of the following quadratic

equations: -
For the qpo.dmbc
a) x?+4x+9=0 cq'uo..‘,,m&m&vtm

ComPlete +he squace; 9
xtiUx+d= Cx ¥2O* -+ +9 a(x+r) + ]
=Cx+2) + S T urning Pont = C_ £,2)

P=2 q=5
Tucning Pont: C-7,9) = ¢-2,5)

Line oF Symwetey: x=-P 2> x=-2

b) 4x?>—-20x+1=0

CompPlete e squace:
Yxt-20x*l = Y xt-5x +-)4—)

=yC cz'--%)l -(-_ZS)Z "'7!,')

= t_5yl . .5
yCex £) 5;4—_‘1'.)

(]

‘icx"-g)l - 24

P=-S q-= =24
Tu{n':-f\g ?o'.n'\::c-?,c\,) = C% -u)

Line oF Symmetry: x=-P > x:=5

N
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c) 6x2+3x—9=0
CompPlete me SQUQ(C .

Cx +3x-A = GC‘I-"“'_’:_‘_.‘%)
- 2
= GC(:-\».‘I..)"_(;}) -%)
=6(cx#dt-25)

y’ T2

= 6Cx+Ld* - 15
“ Y

L . -15
P= Y q = 8
Tucmng Point: -7, = C4 -‘_iiSJ

Line oFsamv\e-l-rg: x=-P x:-)q

d —4x*+12x—1=0

CompPlete ¥he squace ]

Yt \2X-) = -‘lC x*- 3¢ 1-,‘]',)

=. . 2,3 2
"Cexg - (4

"4Cex2>"-2 )

=4 Cx-3 )* +8
2

P=-.'_-;’_. q =8
Tu(r\'mg Pont: -2, ) = C %‘ ., 8 )

Line &Samv\e+fg: x=-P D x=_3{
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Section C

Worked Example

By completing the square, solve the quadratic equation 3x?> + 6x — 10 = 0
Step 1: Complete the square.

3x24+6x—10=3(x+1)?2-13=0
Step 2: Solve the equation by rearranging to make x the subject.

3x+1)2-13=0

3(x + 1)2 = 13
13
(X + 1)2 = ?

x+l=+ |2

x=-1+

The solutions to this quadratic equation are

x:—1+\/§, x=-1- |2
3 3

Guided Example

By completing the square, solve the quadratic equation x> + 14x +9 =0

Step 1: Complete the square.
2
ML+l = (21D ( T +Q =Cx+713 - 4o

Step 2: Solve the equation by rearranging to make x the subject.
Cx+1)'-40 =0
Cx+1)* = Yo
Cx+7) = *4o

X ==1 tﬁo’
3 = =7+{90 oY x ==7-§40
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Now it’s your turn!

If you get stuck, look back at the worked and guided examples.

3. By completing the square, solve the following quadratic equations:
a) x2+6x+3=0
(x+3)t-9+3 =0
(x+3D*-€=0
Cx+3>2=6
(x+3) = = 3

x=-3+C
X = -3 ffz oY x=-3“'r-6‘

b) 2x2—4x—-10=0

2(x*-2x-5) =0
As we ove solving eqva | to zerO
Cy coe can dide oth sides by 2

x*-2%x-5=0
(x-D*-1*-5=0
(x-N*-6=0
Cx-1)'=6
Cx-1 =1+{e
~=1*Jc

xX= 1+§¢  or I=I-IZ
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c) 2x2+12x+17=0

Divide beth sides by 2
xtrex+tl =0
2

(x+3)-3*+11 =0

d) 3x2+4+9x—14=0
Divide both Sides by 3:
12'4-3!.’_'_"1 =0
3
x+3) LT
(37 -3~y o
2
x+3)*-4-M:-0
C 7-) 4 3
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